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To understand the effect of the spanning motion of bird wings, a numerical study of a patented model was carried

out. A doubly hinged flapping-wing model with the elastic membranes fixed on the upper and lower surfaces is

presented. The effect of the membranes is the same as a torsional spring with piecewise stiffness characteristic. The

inner wing is driven by harmonic kinematics, while the outer wing responds passively to the aerodynamic and

inertial/elastic forces. The ratio of the elastic constant of the lower membrane to the upper one is determined to be a

keyparameter. Different elastic ratios andhinge-axis positionswere considered. It is found thatwhen the elastic ratio

is greater than unity, the doubly-hinged model could increase the average lift coefficient compared with the rigid

model. On one hand, the average lift coefficient increases with the elastic ratio, but the rate of increase tends to zero.

On the other hand, the average drag coefficient first decreases and then increases with the ratio increasing.When the

hinge axis moves fromwing tip to the root, the average lift coefficient first increases and then decreases, whereas the

average drag coefficient behaves in an opposite way.

Nomenclature

A, B, C = flux Jacobians
�A, �B, �C = modified flux Jacobians
c = chord length of the wing root, m
E = specific total internal energy
E, F, G = inviscid flux vectors
E�, F�, G� = viscous flux vectors
Fair = air force acted on the infinitesimal surface

element of the outer wing, kg �m=s2
f = frequency, Hz
G = gravitational force on the outer wing, kg �

m=s2

i = unit vector along axis x
JBD = moment of inertia of the outer wing about axis

BD, kg �m=s2
k1, k2 = elastic constant on the upper and lower

surface, N �m
LB = angular momentum of the outer wing about

point B, kg �m2=s
LrB = angular momentum of the outer wing about

point B in the translating coordinate system
moving with B, kg �m2=s

LrBD = angular momentum of the outer wing about
axis BD in the translating coordinate system
moving with B, kg �m2=s

l0BE, l
0
AB = nondimensional length of BE and AB,

respectively
M = Mach number
Mair = moment of the air forces on the outer wing

about axis BD, kg �m2=s

ME = moment of the elastic forces about axis BD,
kg �m2=s2

MG = moment of the gravity of the outer wing about
axis BD, kg �m2=s2

M�1
= acceleration part of the moment of the inertial

force about axis BD, kg �m2=s2

M!1
= velocity part of the moment of the inertial

force about axis BD, kg �m2=s2

m = mass of an arbitrary particle, kg
mR = mass of the outer wing, kg
n = unit vector normal to the surface of the control

cell; �nx; ny; nz�T
Re = Reynolds number based on the wing root

chord; �1V1c=�1
r = vector from point B to an arbitrary point on the

outer wing surface, m
T = period of flapping motion, s
t = time, s
U = vector of conservative variables
u, v, w = components of velocity in the x, y, and z

Cartesian directions, respectively, m=s
V = absolute velocity of an arbitrary particle, m=s
VB = velocity of point B, m=s

VCr = relative velocity of point C with respect to
point B, m=s

Vr = relative velocity of an arbitrary particle with
respect to point B, m=s

V1 = freestream velocity, m=s

W = vector of primitive variables
�, �av, �max = instantaneous, average, and amplitude of

pitching angle, respectively
�1, �2 = angular acceleration of the inner wing and the

outer wing, respectively, m=s2

�1, �2 = magnitude of the angular acceleration of the
inner wing and the outer wing along x
direction, respectively, m=s2

� = preconditioning matrix
��, r� = forward and backward difference operators in

the � direction, respectively
"�2�, "�4� = coefficients for artificial diffusion
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�av = average flapping angle of the inner wing
�max = amplitude of the flapping angle of the inner

wing
�1, �2 = instantaneous flapping angle of the inner wing

and outer wing, respectively
� = reduced frequency; �fc=V1
� = variable scaling factor
� �A = eigenvalue of �A
�1 = viscosity coefficient of the freestream,

kg=�m � s�
�, 	, 
 = i, j, k directions, respectively
� = air density, kg=m3

� = vector from point B to an arbitrary particle in
the outer wing, m

�AB = vector from A to B, m
�BC = vector from B to C, mP
MB�F�e�� = vector summation of moments of all the

external forces exerted on the outer wing about
point B, kg �m2=s2P

MBD�F�e�� = summation of moments of all the external
forces exerted on the outer wing about axis
BD, kg �m2=s2

� = pseudo time
’ = phase angle of the flapping angle of the inner

wing
� = surface of the outer wing
�i;j;k = volume of i, j, k cell
!1, !2 = angular velocity of the inner wing and outer

wing, respectively, m=s
!1, !2 = angular velocity of the inner wing and outer

wing along x direction, respectively, m=s

Subscript

�1 = freestream values

Superscript

�0 = nondimensional values

I. Introduction

R ECENTLY, micro-air vehicles (MAVs) have generated and
received considerable attention. The aerodynamics of MAV

flight is affected by the scaling of the Reynolds number (the ratio of
inertial to viscous force). At low Reynolds number, birds, bats, and
insects exhibit desirable performance. Thus, there is an increased
need to understand the flapping-wing mechanism in nature, and then
to apply it for the design of flapping-wing vehicles.

A good review on this subject was given by Shyy et al. [1]. As for
studies of the aeroelasticity of a flexible flapping wing, Liu and Bose
[2] investigated the effect of spanwise flexibility on the flukes of an
immature fin whale using inviscid computations. They showed that
the phase of the flexingmotion relative to the heave played a key role
in determining thrust and efficiency characteristics of the fin. Zhu [3]
researched the effects of chord- and spanwise flexibility of flapping
wings. His results suggested that when thewingwas immersed in air,
the spanwise flexibility (through equivalent plunge and pitch
flexibility) increased the thrust without any efficiency reduction
within a small range of structural parameters. However, for a wing
immersed in water, the spanwise flexibility reduced both the thrust
and the efficiency. Heathcote et al. [4] conducted water-tunnel
studies to study the effect of spanwise flexibility on the thrust and
propulsive efficiency of a plunging flexible wing configuration in
forward flight. A degree of spanwise flexibility was found to yield a
small increase in the thrust coefficient and a small decrease in power-
input requirement, resulting in higher efficiency. But introducing a
far greater degree of spanwise flexibility, however, was found to be
detrimental. In a subsequent effort, Chimakurthi et al. [5] and Aono
et al. [6] conducted computations on the experimental wing
configurations ofHeathcote et al. [4] using an aeroelastic framework.

Biological observations demonstrate that, with the exception of
hummingbirds [7–9], the wing beating of birds consists of four
fundamental motions: 1) a plunge motion about the wing root called
flapping, 2) a twisting motion of the wing pitch called feathering,
3) the inward folding of the outer wing segment called spanning, and
4) an in-plane motion called lead–lag or simply lagging [9,10]. The
spanning motion [11,12] of bird wings is that the wing is spread
during the downstroke of the wing, and the outer wing deflects
downward during the upstroke of the wing. Based on this spanning
motion, Azuma [9] and Sato [13] simplified the spanning motion of
bird wings as the doubly hinged wing model. Notably, Toomey and
Eldredge [14] andVanella et al. [15] studied similar two-linkmodels,
but their contents were about the chordwise flexibility of two-
dimensional insect model.

The wing motions in flapping flight invite an interesting
engineering problem: how should the spanning motion be
implemented in MAV designs? Ye et al. [16] presented a doubly
hinged, passive spanning model in their patent using elastic and
inelastic membranes to produce a piecewise torsional stiffness about
the outboard hinge. The elastic membrane is affixed to the upper
surface of the wing, whereas on the lower surface the inelastic
membrane is affixed. Thus, when the wing flaps upward, the outer
wing deflects downward because of the fluid dynamic and the
inertial/elastic forces; while the wing flaps downward, the wing is
spread. In the opinion of Ye et al., the main function of the spanning
motion of a bird wing is to increase the average lift coefficient. But
what is the aerodynamic performance of themodel?What is themain
effect of the spanning motion of the flapping wing? When does the
doubly hinged wing have better performance than a rigid wing?
The present study attempts to address these problems through
computational investigations. Because the model of Ye et al. is hard
to program, especially when the outer wing is spread, the procedure
is hard to converge, and so the model of Ye et al. [16] is modified as
follows. The inelastic membrane is replaced by an elastic membrane
with a greater elastic constant than that on the upper surface. In this
paper, the kinematics of the modified doubly hinged wing model is
established, and then the unsteady movement is simulated by a
Navier–Stokes (N–S) solver coupled to thewing dynamics. Different
elastic ratios of the membranes and different hinge-axis positions are
considered. The resulting forces and deflections are presented. It is
hoped that the present results are meaningful for flapping MAV
design.

II. Numerical Method

A. N–S Solver

The unsteady N–S equations are solved to determine the
aerodynamics of the flapping wings. The nondimensional governing
equations are as follows [17]:

@U

@t
� @E
@x
� @F
@y
� @G
@z
� 1

Re

�
@Ev
@x
� @Fv
@y
� @G v

@z

�
(1)

U is ��; �u; �v; �w; �E�T . The freestream velocity V1, the chord
length c of the wing root, and the ratio of chord length to the
freestream velocity c=V1 are used as the velocity, length, and time
scales.

Time-derivative preconditioning [18–20] is incorporated to
alleviate the stiffness and associated convergence problems that
occur at low Mach numbers. The preconditioning is applied with a
dual-time step approach [21–23], inwhich a pseudo time derivative is
added to the governing equations. The governing equations [Eq. (1)]
then become

�
@W

@�
� @U
@t
� @E
@x
� @F
@y
� @G
@z
� 1

Re

�
@Ev
@x
� @Fv
@y
� @G v

@z

�
(2)

in which W � �p; u; v; w; T�T . The preconditioning matrix used
here is developed by Pletcher and Chen [18].

The governing equations are discretized in a finite volume
framework [24–26]. The structured grid is developed in C-topology
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by transfinite interpolation method. The solution variables are stored
at the cell centers. Applying Eq. (2) to each cell separately

�
d

d�
��i;j;kW i;j;k� �

d

dt
��i;j;kUi;j;k� � ‘Ui;j;k � 0 (3)

in which ‘ is a spatial discretization operator defined by
‘� ‘C � ‘D � ‘AD, with the subscripts C, D, and AD referring to
convection, diffusion, and artificial dissipation, respectively. The
convective fluxes at the cell faces are obtained by an averaging
process. The artificial dissipation is based on the model introduced
by Jameson et al. [24]. The preconditioning matrix is included in the
dissipation flux [19]:

‘CUi;j;k �
X6
l�1
�Enx � Fny � Gnz��Sl

‘DUi;j;k ��
1

Re

X6
l�1
�Evnx � Fvny � Gvnz��Sl

‘ADUi;j;k ���D2
� �D4

� �D2
	 �D4

	 �D2

 �D4


�Ui;j;k

D2
�Ui;j;k �r����i�1=2;j;k�i�1=2;j;k"

�2�
i�1=2;j;k����Ui;j;k

D4
�Ui;j;k �r����i�1=2;j;k�i�1=2;j;k"

�4�
i�1=2;j;k���r����Ui;j;k

in which n� �nx; ny; nz�T is the unit vector normal to the surface of
the control cell. The detailed definition for "�2� and "�4� can be found
in [26].

The implicit lower–upper symmetric Gauss–Seidel scheme [27–
29] coupling with an implicit residual smoothing is used for the time
integration to achieve faster convergence of the proposed numerical
method. The pseudo time derivative is discretized with a Euler
backward difference, and the physical time derivative is discretized
with a three-point backward difference, yielding

�m�n�1
i;j;k

�Wm
i;j;k

��
�

3�n�1
i;j;kU

m�1
i;j;k � 4�n

i;j;kU
n
i;j;k ��n�1

i;j;kU
n�1
i;j;k

2�t

� ‘CUm�1i;j;k ���‘DUmi;j;k � ‘ADUmi;j;k� (4)

in which �Wm
i;j;k �Wm�1

i;j;k �Wm
i;j;k, the superscript m is the

pseudosubiteration counter, and n is the physical time counter. The
inviscid flux vectors are linearized about pseudo time level m as

‘CU
m�1
i;j;k �‘CUmi;j;k�

�
@‘CUi;j;k
@W

@W

@t

�
m

�t

�‘CUmi;j;k�
X6
l�1

��
@E

@W
nx�

@F

@W
ny�

@G

@W
nz

�
�Sl

�
m

�Wm
i;j;k

(5)

Let l� 1–6 denote �i � 1=2; j; k�, �i; j � 1=2; k�, �i; j; k–1=2�,
�i� 1=2; j; k�, �i; j� 1=2; k�, and �i; j; k� 1=2�, respectively. Let

A �
��
@E

@W
nx �

@F

@W
ny �

@G

@W
nz

�
�Sl

�
l�1;4

;

B�
��
@E

@W
nx �

@F

@W
ny �

@G

@W
nz

�
�Sl

�
l�2;5

; and

C�
��
@E

@W
nx �

@F

@W
ny �

@G

@W
nz

�
�Sl

�
l�3;6

Substituting Eq. (5) into Eq. (4), yielding

�n�1
i;j;k

�
�m

��
� 3Tm

2�t

�
�Wm

i;j;k � �A�W�mi�1=2;j;k � �A�W�mi�1=2;j;k

� �B�W�mi;j�1=2;k � �B�W�mi;j�1=2;k � �C�W�mi;j;k�1=2
� �C�W�mi;j;k�1=2 ��Pmi;j;k

Pmi;j;k �
3�n�1

i;j;kU
m
i;j;k � 4�n

i;j;kU
n
i;j;k ��n�1

i;j;kU
n�1
i;j;k

2�t

� �‘CUmi;j;k � ‘DU m
i;j;k � ‘ADUmi;j;k� (6)

Theflux Jacobians aremodified because of the preconditioning of the
equations:

�A� ��1A; �A� �A� � �A�; �A	 �
�A	 �
 �AI

2
;

� �A	 � � �A	 �
 �A�

2
�A	 �
 �A�

2

in which �� 1:01, 
 �A �max�j� �Aj�. The contribution of the
inviscid fluxes at each cell face is

�� �A�W�mi�1=2;j;k � � �A�i�1=2;j;k�W
m
i;j;k � � �A�i�1=2;j;k�W

m
i�1;j;k

�� �A�W�mi�1=2;j;k � � �A�i�1=2;j;k�W
m
i;j;k � � �A�i�1=2;j;k�W

m
i�1;j;k

Define quantities related to B and C in the same way. When
�� !1, Eq. (6) can be written as

�L�D�U��Wm
i;j;k �����1;mPmi;j;k

L� ���1;m�� �A�i�1;j;k � � �B�i;j�1;k � � �C�i;j;k�1�

D� ��1;mTm � ��
2
�
 �A1
� 
 �B2

� 
 �C3
� 
 �A4

� 
 �B5
� 
 �C6

�

U� ���1;m�� �A�i�1;j;k � � �B�i;j�1;k � � �C�i;j;k�1�

(7)

Equation (7) can be approximately factored as

�L�D�D�1�D�U��Wm
i;j;k �����1;mPmi;j;k (8)

No-slip condition is employed on thewing surface, and nonreflecting
boundary condition based on Riemann invariants is employed on the
far field. The boundary conditions should also be modified as
referenced in [20]. Menter’s shear stress transport turbulent model
[30,31] is applied for calculating the turbulence flows at low
Reynolds numbers.

B. N–S Code Validation

In 1987, Koochesfahani [32] performed experiments in the low-
speedwater channel of theGraduateAeronautical Laboratories of the
California Institute of Technology. The vortical flow patterns in the
wake of a NACA 0012 airfoil pitching at small amplitudes about the
one-fourth-chord point at pitching frequency f. The airfoil had a
chord of 0.08 m and a span of 0.39 m. The freestream velocity was
approximately 0:15 m=s, resulting in a chord Reynolds number of
12,000. The pitching mode was given by �� �av � �max sin�2�t�,
�av � 0:0.

The results of Koochesfahani are used to validate the N–S solver.
TheC-grid is used with 290 
 70 grids to compute the thrust curves.
About five pitching cycles are carried out to get the periodic thrust
curve. Figure 1 compares the present computational results with
existing experimental [32] and computational [33,34] data. The same
trend is observed between the experimental and N–S predictions for
the thrust coefficient. To obtain the vortex structure behind the airfoil,
the grid number is increased to 1000 
 180. Figure 2 shows the
comparison of experimental and numerical wake vortex structure,
noting a close similarity with the experimental visualization.
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III. Kinematics of the Flapping Wing

To investigate the spanwise deflection motion of bird wings, the
flapping kinematics was established based on the patent of Ye et al.
[16]. This flapping model takes only the flapping and spanning
motions into account. The model reduces the bird’s spanning motion
to the folding of rigid segments. As shown in Fig. 3a,ABDH denotes
the inner wing, and BEID is the outer wing. The elastic membranes
are fixed on the upper and lower surfaces of the inner wing and outer
wing, with the elastic constants being k1 and k2, respectively. BD is
the hinge axis connecting the inner wing and the outer wing. The
inner wing is driven harmonically while the outer wing responds
passively to fluid dynamic, gravitational, and the inertial/elastic
forces.C is the center of mass of the outer wing.F is the projection of
C on the y-z plane. As shown in Fig. 3b, the flapping angle of the
inner wing is �1 � �av � �max sin�2�t� ’�, which is positive when
measured counterclockwise (looking along the positive x axis) from
the y axis to the direction of the inner wing. Both �1 and �2 are
positive counterclockwise (looking along the positive x axis).

The angular momentum of the outer wing about point B is

L B �
X

� 
mV �
X

� 
m�VB � Vr� �
X

� 
mVB

�
X

� 
mVr �mR�BC 
 VB � LrB (9)

in which
P

denotes the summation of the expression after the
symbol for all the particles in the outer wing.

However

d�BC
dt
� d

dt
��AC � �AB� � VC � VB � VCr; VB �!1 
 �AB

And so Eq. (10) is obtained by differentiation:

dLB
dt
�mR

d�BC
dt

 VB �mR�BC 


dVB
dt
� dLrB

dt

�mRVCr 
 VB �mR�BC 
 ��1 
 �AB �!1 
 VB� �
dLrB
dt

(10)

Apply the theorem of angular momentum of particle system about an
arbitrary point to the outer wing [35]

dLB
dt
�
X

MB�F�e�� � VB 
mRVC (11)

Thus

Fig. 1 Comparison of N–S simulations to experimental [32] and

computational [33,34] data, �max � 2 deg.

       = 6.68αα κmax = 2°,b)

       = 10.02α κmax = 2°,c)

       = 3.0895α κmax = 4°,a)

Fig. 2 Wake comparison of experiment 32 (upper) and present

computations (lower). Flow is from right to left.

a) b)
Fig. 3 Schematic diagrams of the flapping wing with spanwise

deflection motion. b) is the side view of a).
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mRVCr 
 VB �mR�BC 
 ��1 
 �AB �!1 
 VB� �
dLrB
dt

�
X

MB�F�e�� � VB 
mRVC (12)

However, mRVCr 
 VB ��VB 
mRVC, hence

dLrB
dt
�
X

MB�F�e�� �mR�BC 
 ��1 
 �AB �!1 
 VB�

�
X

MB�F�e�� �mR���BC � �AB��1 � ��BC � �1��AB

� ��BC � VB�!1 � ��BC �!1�VB� (13)

The projection of both sides of Eq. (13) on axis BD [i.e., get the dot
production of Eq. (13) with the unit vector i] is

dLrBD
dt
�
X

MBD�F�e�� �mR���BC � �AB��1 � ��BC � VB�!1�

(14)

In the translating coordinate systemmovingwith pointB, the motion
of the outer wing is the rotation about axis BD, and so LrBD�
JBD�!1 � !2�. Hence

JBD
d

dt
�!1 � !2� �

X
MBD�F�e�� �mR���BC � �AB��1

� ��BC � VB�!1� (15)

in which
P
MBD�F�e�� �ME � ��BC 
 G� � i�

RR
��r 
 Fair�

�i dS. Hence

�2 �
1

JBD

�X
MBD�F�e�� � �mR��BC � �AB� � JBD��1

�mR��BC � VB�!1

�
� 1

JBD
�ME �MG �Mair �M�1

�M!1
�

ME �
��k1�2 �2 < 0

�k2�2 �2 > 0
; MG � ��BC 
 G� � i

Mair �
ZZ

�

�r 
 Fair� � i dS

M�1
���mR��BC � �AB� � JBD��1

M!1
��mR��BC � VB�!1 (16)

Selecting c, V1, and �1 as the reference variables, the
nondimensional form of Eq. (16) can be obtained as follows:

�02 �
1

J0BD
�M0E �M0G �M0air �M0�1 �M0!1

� (17)

With the aforementioned description, the fluid dynamics and
the structural dynamics are solved independently with the same
boundary information (aerodynamic forces and structural displace-
ments). The far-field boundaries are fixed, and the grid is regenerated
using transfinite interpolation [36,37] for each time step of the
calculation.

IV. Results and Discussion

A. Evaluation of Computational Parameters

Considering the flight condition of a pigeon given in [38], the
following parameters are chosen for computation. A rectangular
wing with aspect ratio AR� 5 and a NACA 0004 cross section is
chosen. Only half of the total wing span is modeled because the
symmetry condition can be exploited. The chord of the flappingwing
is c� 0:1 m. The material of the flapping wing is distributed
uniformly, and the density is 120 kg=m3. Because the density of the
material is low, the moment due to gravity on the outer wing about
axis BD in Eq. (17) is herein neglected. The elastic constant of the
membrane on the upper surface is selected as k1 � 0:0064 Nm. The

Fig. 4 Convergence study of time step (left) and grid resolution (right).

Table 1 Hinge-axis position and the corresponding nondimensional parameters

Hinge-axis position [i.e., l0BE=�l0AB � l0BE�], % J0BD m0R l0AB l0BF

32.9 0.49103 2.204082 1.6773 0.4113
43.2 1.112576 2.889796 1.42032 0.53984
52.3 1.969326 3.502041 1.19186 0.654
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density of the material and the elastic constant are determined by the
author’s unpublished experiment. The computational condition is
M� 0:0294, Re� 68; 458, �av � 0, �max � 10 deg, ’� 0, and
�� 0:188495. Fixing these parameters, the effects of the elastic

Fig. 5 Average lift and drag coefficients as functions of log10
tanh k2

tanh k1
.

Rigid wing (triangle); doubly hinged model for k1 � 0:0064 Nm
(square).

Fig. 6 Wing-surface positions over one flapping cycle, k2 � 80k1.

Fig. 7 Comparisons of doubly hingedwing of different elastic constants with rigidwing: a) deflection angle, b), c) and d) are instantaneous lift, drag and

bending moment coefficient, respectively.
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constant of the membrane on the lower surface and the hinge-axis
position are investigated in this paper.

To assess the independence of the numerical solution to grid
numbers and time step, a grid convergence and time-step sensitivity

study are performed. Two different nondimensional time steps are
tested, which were 0.02083 (800 steps per flapping cycle) and
0.04167 (400 steps per flapping cycle). The grid numbers are 181 

80 
 45 (41 points along wing span, 51 points along wing chord),

Fig. 8 Pressure contours at four different time instants in a stroke period at 0:25c section. The time instants are 0:0T (top), 0:25T, 0:5T, and 0:75T
(bottom); k2 � 50k1.
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201 
 91 
 50 (43 points along wing span, 56 points along wing
chord), and 221 
 100 
 60 (51 points along wing span, 61 points
along wing chord). The computational parameters were the same as
mentioned earlier with k2 � k1. The corresponding lift and drag
coefficients are shown in Fig. 4. Based on this analysis, a time step of
0.04167 and a grid of 201 
 91 
 50 are used in all cases discussed as
follows. The y� distance for these computations is about 5. The outer
boundary is 25c away from the wing in the spanwise direction and
20c in other directions.

B. Effect of Elastic Constant

As shown in Table 1, the hinge-axis position is denoted by
l0BE=�l0AB � l0BE� 
 100%, which in this section is 43.2%. The other
parameters are found in Table 1. Because the kinematics of the inner
wing is harmonic, the wing is symmetrical and MG is neglected
in Eq. (17), when k2 � k1, the upward and downward deflection
motion of the outer wing should be symmetrical. However, if
k2 > k1, then the upward deflection amplitude should be less than the
downward deflection amplitude. This anticipated result can be used
to check the doubly hingedmodel in this paper. Hence, by keeping k1
constant, the aerodynamics for different k2 is computed in this
section.

Figure 5 shows the average lift and drag coefficients as a function
of log10�tanh k2= tanh k1�. The delta symbols in Fig. 5 denote the
rigid flapping wing. The square symbols denote the doubly hinged
model, and k2=k1 has values 1, 9, 30, 50, and 80, respectively. The
outer wing of the doubly hinged model in this paper can deflect
upward and downward when k1 and k2 are finite. But when k1 !1
or k2 !1, the outer wing can only deflect upward or downward.

When k1 !1 and k2 !1 at the same time, the doubly hinged
wing becomes the rigid wing. As can be seen in Fig. 5, when
log10�tanh k2= tanh k1� � 0 (i.e., k2=k1 � 1), the average lift
coefficient of the doubly hinged wing is zero, as anticipated at the
beginning of Sec. IV.B. Compared with the rigid wing, when
log10�tanh k2= tanh k1�> 0 (i.e., k2 > k1), the doubly hinged wing
model can enhance the average lift coefficient, but the average drag
coefficient is increased at the same time. The average lift coefficient
increases as log10�tanh k2= tanh k1� increases. This observation
suggests an optimal log10�tanh k2= tanh k1� to achieve the best lift-to-
drag ratio. Figure 6 shows the surface grid of the flapping wing and
the different position of the doubly hinged wing at different time in a
flapping cycle. From Fig. 6, an intuition for the doubly hinged wing
motion can be developed.

Figure 7a is the deflection angle of the outer wing as a function of
time for different elastic constants. This figure shows that when
k2 � k1, the deflection motion is symmetrical as expected. As k2
increases, the upward deflection amplitude becomes smaller and the
time interval becomes shorter during which the outer wing deflects
upward. Figures 7b–7d are the instantaneous lift coefficient, drag
coefficient, and bending-moment coefficient about the wing root.
When k2 > k1 and the sign of the deflection angle of the outer wing
changes from negative to positive around t=T � 0:55, the first
derivatives of the curves jump sharply. FromEq. (16), it can be found
that when the deflection angle of the outer wing changes from
negative to positive around t=T � 0:55, ME changes drastically,
whereas other moments almost stay the same. This causes �2 and the
angular velocity !2 to change drastically, ultimately causing a sharp
jump in the first derivatives of the lift, drag, andmoment coefficients.
During the interval when the outer wing deflects upward around

Fig. 9 Comparisons of the moment components in Eq. (17) that determine the angular acceleration of the outer wing: a) k2 � k1, b) k2 � 9k1, and

c) k2 � 80k1.
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t=T � 0:55� 0:75, the curves of the lift coefficient and the bending-
moment coefficient exhibit convex peak, whereas the curves of the
drag coefficient exhibit concave peak. This is caused by the
difference between the elastic constant on the upper surface and that
on the lower surface.

As can be seen in Fig. 7b, compared with rigid wing, the doubly
hingedwingmodel can reduce the negative lift remarkably during the
upstroke. This effect causes the average lift coefficient of the doubly
hinged wing to be greater than the rigid wing when k2 > k1. It is seen
in Fig. 7c that the drag for the rigid wing is smallest at the mid-
downstroke around t=T � 0:5 and the mid-upstroke around t=T � 0
(or 1), but the deflection motion of the outer wing increases the drag
of the doubly hingedwing at these intervals. The absolute value of the
bendingmoment about thewing root could be selected as a parameter
that scales the instantaneous energy consumed. The greater this
parameter, the greater the moment exerted on the wing and the more
the energy consumed. Figure 7d shows that at the downstoke interval
around t=T � 0:25� 0:75, the absolute value of the bending
moment is greater than that at the upstroke interval, which indicates
thatmore energy is consumed during the downstroke interval for bird
flight.

In Fig. 8, the labels are the nondimensional pressure, which is
achieved by dividing pressure by double freestream dynamic
pressure. The following features can be observed from Fig. 8:

1) At t� 0:00T, the wing is at the middle of the upstroke. In the
case of the rigid wing, a high-pressure region occurs on the top
surface of the wing, and a low-pressure region occurs on the bottom
surface of the wing. Whereas, in the case of the doubly hinged wing,
the pressure on the top surface of the doubly hinged wing is lower
than the rigid wing.

2) At t� 0:25T, it is at the beginning of the downstroke. The rigid
wing and the inner wing of the doubly hinged wing are stationary.
Whereas, the outer wing of the doubly hinged wing continues to
move upward. Thus, there is a high-pressure region on the top surface
of the outer wing.

3)At t� 0:50T, it is at themiddle of the downstroke. In the case of
the rigid wing, the pressure contour is similar as that at t� 0:0T, but
the high-pressure region is on the bottom surface. In the case of the
doubly hingedwing, the pressure is close between the top and bottom
surface.

4) At t� 0:75T, it is at the beginning of the upstroke. The rigid
wing and the inner wing of the doubly hinged wing are stationary.
The outer wing of the doubly hinged wing still moves downward. As
can be seen, a low-pressure region occurs on the top surface of the
outer wing.

Figures 9a–9c compare the moment components in Eq. (17) that
determine the angular acceleration of the outer wing. Figure 9a
shows that when k2 � k1, because the upward and downward
deflection motions of the outer wing are symmetrical in the flapping
cycle, the values of the moment components are correspondingly
symmetrical. It was also found that when k2 � k1, the acceleration
part of the moment of the inertial force about axis BD,M0�1 , plays an
important role in determining the angular acceleration of the outer
wing. The velocity part of the moment of the inertial force about axis
BD,M0!1

, is almost zero and is the weakest among the four moment
components. Comparing Figs. 9a–9c, we found that when the elastic
constant of the membrane on the lower surface is increased, the time
interval as the outer wing deflects upward becomes less, and in this
interval the elastic moment part M0E and the aerodynamic moment
partM0air becomes greater. From Fig. 9, it was found that the value of

Fig. 10 Comparisons of doubly hinged wing for different hinge-axis positions, k2 � 50k1: a) the deflection angle of the outer wing as a function of time,

b) the instantaneous lift coefficient as a function of time, c) the instantaneous drag coefficient as a function of time, and d) the instantaneous bending-

moment coefficient about the wing root as a function of time.
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the velocity moment partM0!1
induced by the inertial force is always

very small.

C. Effect of the Hinge-Axis Position

In this section, the aerodynamics for three different hinge-axis
positions is simulated numerically. The parameters are listed in
Table 1, and the elastic constant of the membrane on the lower
surface is k2 � 50k1. First, two special cases are considered. The first
case is that the hinge-axis position is 0.0% (i.e., the hinge axis
approaches the outer wing tip infinitely). In this case, the outer wing
is infinitely small, which corresponds to the rigid wing. The second
case is that the hinge-axis position is 100% (i.e., the hinge axis
approaches the inner root). In this case, the inner wing is infinitely
small and the movement amplitude of the wing tip of the inner wing
BD is infinitely small, and so the outer wing is in the state of rest. For
these two special cases, the average lift should be zero. The drag for
the first case should be very small, but the drag for the second case
should be great, as the wing is stationary.

Next are the computational results. Figure 10 shows comparisons
of doubly hinged wing for different hinge-axis positions, Fig. 11
indicates average lift and drag coefficients as a function of the hinge-
axis position, and Fig. 12 shows comparisons of the moment
components in Eq. (17) hat determine the angular acceleration of the

outer wing. Figure 10a is the comparison of the deflection angle of
the outer wing for three different hinge-axis positions. Figures 10b–
10d are the instantaneous lift coefficient, instantaneous drag
coefficient, and instantaneous bending moment about the wing root,
respectively. It is seen from Fig. 10a that the inner wing flaps
downward while the outer wing deflects upward. When the hinge
axismoves fromwing tip to root, the upward deflection interval of the
outer wing moves backward in the flapping cycle, and the amplitude
of the deflection angle becomes less. The maximum upward
deflection of the outer wing for the 32.9, 43.2, and 52.3% cases is at
about 0:45T, 0:6T, and 0:7T, respectively. In Fig. 10a, two convex
peaks appear on the deflection angle of the 32.9% case, whereas only
one convex peak appears for other two cases. To interpret this
phenomenon, Fig. 12 shows the comparisons of the moment
components in Eq. (17) that determine the angular acceleration of the
outer wing. Themap name “total” in Fig. 12means the summation of
the four moment components in Eq. (17), whose value is multiple of
�2. Because �2 � �002 , the sign of �2 can determine the characteristic
of the deflection-angle curve. From higher mathematics, it is known
that when �2 > 0 in some definition range the curve of �2 is concave
curve, and when �2 < 0 in some definition range the curve of �2 is
convex curve. It is seen from Fig. 12 that the sign of �2 for the 32.9%
case is�,�,�,�, and� in aflapping cycle, and the sign of�2 for the
52.3% case is �, �, and � in a flapping cycle. Thus, two convex
peaks appear on the deflection-angle curve of the 32.9% case,
whereas only one convex peak appears for the other two cases. From
Fig. 12a, the sign of�2 for the 32.9%case is� at t=T � 0:5–0:6. This
is becauseM0air for the 32.9% case is so great.

It is seen fromFigs. 10b–10d that the peak value of the curves is the
greatest for the 32.9% case. This can be explained as follows. The
outer wing deflects upward for the 32.9 and 43.2% cases when the
inner wing is almost in the mid-downstroke period (t=T � 0:5), but
the intervalwhen the outerwing deflects upward for the 52.3%case is
almost at the end of the downstroke. When the inner wing is in the
mid-downstroke period the angular velocity of the inner wing is the
biggest, and when the inner wing is in the period of the end of
downstroke the angular velocity of the inner wing is almost zero.
Because of these reasons, the peak value of the curves is the greatest
for the 32.9% case, but is smallest for the 52.3% case.

Figure 11 is the average force coefficient as a function of different
hinge-axis positions. The figure shows that when the hinge axis
moves from the wing tip to the root, the average lift coefficient
increases first, and then decreases, whereas the average drag acts in
an opposite way. Figure 12 is a comparison of the moment
components in Eq. (17) that determine the angular acceleration of the
outer wing. Compared with the 52.3% case, the elastic moment part
M0E and the aerodynamic moment part M0air for the 32.9% case are
greater, but the acceleration part of the moment of the inertial force

Fig. 11 Average lift and drag coefficients as a function of the hinge-axis

position.

Fig. 12 Comparisons of themoment components inEq. (17) hat determine the angular acceleration of the outerwing: a) the hinge-axis position (32.9%)

and b) the hinge-axis position (52.3%). “Total” means the summation of the four moment components.
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about axis BD (i.e.,M0�1 ) is lower. The velocity parts of the moment
of the inertial force about axis BD (i.e.,M0!1

) for both cases are very
small.

V. Conclusions

The mathematical model of the doubly hinged wing is established
based on an existing patent. The deflection angle is determined by the
aerodynamic, inertial, and elastic forces. The aero-elastic solver is
composed of the N–S equations coupled to thewing dynamics. From
a study of the effect of the elastic ratio k2=k1 and the hinge-axis
position, the following conclusions were drawn:

1) When k2 > k1, the doubly hinged wing model can realize the
nonsymmetrical deflection of the outer wing and simulate the bird
wings’ spanwise motion approximately. The doubly hinged wing
model is shown to enhance the average lift coefficient compared to a
rigid wing.

2)When increasing k2=k1, the time interval duringwhich the outer
wing deflects upward becomes shorter. The average lift coefficient
increases with k2=k1 growing, but the rate of increase becomes
smaller and smaller and tends to zero at the larger values of the elastic
ratios considered. The average drag coefficient decreases first, and
then increases as k2=k1 increases, suggesting an optimal k2=k1 for the
maximized period-averaged lift-to-drag ratio.

3) When the hinge axis moves from wing tip to root, the average
lift coefficient increases initially, and then decreases, but the average
drag coefficient acts in an opposite way.

From these conclusions, the authors assert that the bird wing’s
spanning motion can enhance the lift effectively. The doubly hinged
wing model in this paper can realize the spanning motion easily, thus
may be used in the design offlappingmicro-air vehicle (MAV). In the
actual application, the ratio k2=k1 and the hinge-axis position should
be selected to achieve the best aerodynamic performance. These
conclusions should be meaningful to understand the mechanism of
birds’ flight and the design of MAVs.
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